Introduction
Throughout this paper, all groups are finite and G always denotes a finite group.
Recall that a subgroup H of G is said to be s-quasinormal in G [9] if HP = P H for all Sylow subgroups P of G. A subgroup H of G is said to be s-quasinormally embedded in G [2] if each Sylow subgroup of H is also a Sylow subgroup of some s-quasinormal subgroup of G. Recently, Guo and Lu [7] introduced the concept of ss-supplemented subgroups: a subgroup H of G is said to be ss-supplemented in G if there exists a subgroup T of G such that G = HT and H ∩ T is s-quasinormal in T . By using the s-quasinormally embedded subgroup or the ss-supplemented subgroups, one has obtained some important results (see, for example, [2] , [7] , [10] ). In this paper, we study further the influence of ss-supplemented subgroups and s-quasinormally embedded subgroups on the structure of finite groups.
All unexplained notation and terminology are standard. The reader is referred to [3] and [6] if necessary.
Preliminaries Lemma 2.1 Let G be a group, H ≤ K ≤ G.
(
1) If H is s-quasinormal in G, then H is s-quasinormal in K. [9] (2) If H is p-group, then H is s-quasinormal in G if and only if O p (G) ≤ N G (H)
. [13] (3) If H and L are s-quasinormal in G, then H ∩ L is also s-quasinormal in G. [13] Lemma 2.2 [7] Let H be an ss-supplemented subgroup of G.
1) If M ≤ G and H ≤ M, then H is ss-supplemented in M. (2) If N ¢ G and N ≤ H, then H/N is ss-supplemented in G/N. (3) Let π be any prime set. If H is a π-subgroup of G and N is a normal π -subgroup of G , then HN/N is ss-supplemented in G/N.
Lemma 2.3 [2] Suppose that
Lemma 2.5 [5] Let F be a saturated formation containing the class U of all supersoluble groups. Suppose that G is a group,
If H is a cyclic group, then G ∈ F.
Lemma 2.6 [10] Let G be a group, P be a subgroup of G such that
Lemma 2.7 [7] Let F be a saturated formation containing the class U of all supersoluble groups. Suppose that G is a group, H is a soluble normal
Lemma 2. Proof. Suppose that the result is false and let G be a counterexample of minimal order. Then
Let M/N be a maximal subgroup of P N/N, then there exits a maximal subgroup P 1 of P such that M = NP 1 and P ∩ N = P 1 ∩ N is a Sylow p-subgroup of N. By the hypothesis, P 1 is either ss-supplemented or s-quasinormally
The above discuss shows that G/N satisfies the hypothesis of the theorem. The choice of G implies that G/N is p-nilpotent.
(2) G has a unique minimal normal subgroup N and Φ(G) = 1.
Since the class of all p-nilpotent groups is a saturated formation, by (1), we see that G has a unique minimal normal subgroup N.
Then there exits a maximal normal subgroup P 1 of P such that P ∩ M ≤ P 1 . It follows that P = NP 1 . By the hypothesis, P 1 is either ss-supplemented or s-quasinormally embedded in G.
If 
The unique minimal normality of N implies that N p = 1 and so N ≤ O p (G), which contradicts (4). Hence we may assume that G = NP . By (5), we see that N has a hall p -subgroup
By the hypothesis, P 1 is either ss-supplement or s-quasinormally embedded in G.
If P 1 is s-quasinormally embedded in G, then a similar argument as in (4), we see that it is impossible. Hence we may assume that P 1 is ss-supplemented in G. Then there exists a subgroup T of G such that G = P 1 T and P 1 ∩ T is s-quasinormal in T . As above, we can obtain that 
Let Q be a Sylow q-subgroup of G. Then by (2), P 1 Q < G and so P 1 Q is nilpotent. Hence Q ≤ C G (P 1 ) and therefore Q ≤ C G (Ω 1 (P ) 
4) Every cyclic subgroups of P with order 4 (if exits) is s-quasinormal in G.
Let A = x be a cyclic subgroup of order 4 of P . If A is s-quasinormally embedded in G, then by Lemma 2.6,
(5) Final contradiction First note that P is not a cyclic group by [12, (10.1.9) ]. Now by (2), (3) and (4), for every element x of P of order 2 or 4, we have that x Q is a proper subgroup of G. Therefore x Q is nilpotent. It follows that x Q = x × Q. Consequently P ≤ C G (Q) and so G = P × Q is p-nilpotent. H is either ss-supplemented or s-quasinormally embedded in G. Proof. The neccessary part is obvious. We only need to prove the sufficient part. Suppose that the sufficient part is false and let G be a counterexample of minimal order.
By Lemma 2.2 and 2.3, every maximal subgroup of every Sylow subgroup of H is either ss-supplemented or s-quasinormally embedded in H. From Corollary 3.1.2, we see that H is a Sylow tower group. Let q be the largest prime dividing |H| and Q be Sylow q-subgroup of H. Then Q char H ¢ G and so Q ¢ G. Let Q 1 be the minimal normal subgroup of G such that Q 1 ≤ Q. From Lemma 2.2 and 2.3, we see (G/Q 1 , H/Q 1 ) satisfies the hypothesis. The choice of G implies that G/Q 1 ∈ F. Then since F is a saturated formation, Q 1 is the unique minimal normal subgroup of G contained in Q and
By the hypothesis, we know that N is either ss-supplemented or s-quasinormally
Since N is a maximal subgroup of Q and Q is a minimal normal subgroup of G, N = 1 and thereby |Q| = q. Consequently G ∈ F by Lemma 2.5. The contradiction completes the proof. Proof. The necessary part is obvious, we only need to prove the sufficient part. Suppose that it is false and let G be a counterexample of minimal order.
Assume that Φ(G) ∩ H = 1 and let p||Φ(G) ∩ H|. Let P 0 be a Sylow p-subgroup of Φ(G) ∩ H. Since Φ(G) ∩ H is nilpotent, we have P 0 ¢ G and (G/P 0 )/(H/P 0 ) ∼ = G/H ∈ F. Obviously, F (H/P 0 ) = F (H)/P 0 . Let P 1 /P 0 be a maximal subgroup of the Sylow p-subgroup of F (H)/P 0 , then P 1 is a maximal subgroup of the Sylow p-subgroup of F (H). By the hypothesis, P 1 is either sssupplemented or s-quasinormally embedded in G. Then by Lemma 2.2 and 2,3, P 1 /P 0 is either ss-supplemented or s-quasinormally embedded in G/P 0 . Now let Q/P 0 be a maximal subgroup of the Sylow q-subgroup of F (H)/P 0 , where p = q. Then there exists a maximal subgroup Q 1 of the Sylow q-subgroup of F (H) such that Q = Q 1 P . By Lemma 2.2 and 2,3 again Q 1 P 0 /P 0 is either sssupplemented or s-quasinormally embedded in G/P 0 . Therefore G/P 0 satisfies the hypothesis of the theorem. The choice of G implies that G/P 0 ∈ F. But because F is a saturated formation and P 0 ≤ Φ(G), we obtain that G ∈ F, a contradiction.
Thus we may assume that Φ(G)∩H = 1. Since H is soluble, F (H) = 1. By Lemma 2.9,
Then P * is a maximal subgroup of P and P ∩ M = P * ∩ M. Moreover, since Φ(P ) ≤ Φ(G) ∩ P ≤ Φ(G) ∩ H = 1, we have Φ(P ) = 1. It follows that P is an abelian group. Therefore, P ∩ M ¢ MP = G and so 
